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2.1 Displacement, Velocity and Acceleration
Good things come in threes! In kinematics, we have our own holy trinity: displacement (s), velocity
(v), and acceleration (a). They are quantities used to describe motion. And they are all vectors.
Displacement can be easily understood as distance with direction (from some reference point). E.g.,
Kuala Lumpur’s displacement is 350 km northwest (from Singapore).
Velocity can be easily understood as speed with direction. E.g., the velocity of an airplane is
800 km h1 eastward.

Acceleration is the tricky one. It is how fast and the direction in which the velocity is changing. It is
straight forward when the motion is along a straight line, but less so when the motion is along a curve.
E.g. if a car is going straight and its speed increases from rest to 10 m s1 in 5 s, then its acceleration
is

v
 10  5  2 m s2 in the forward direction. If it is going straight but its speed from 10 m s1 to
t

rest in 5 s, then its acceleration is

v
 10  5  2 m s2 in the backward direction. If it completes a
t

right turn at a constant speed of 10 m s1 in 5 s then its (average) acceleration during that 5 s is
v
2  10

 2.8 m s2 in the right-backward direction. How come? Because there is a 10 m s1
t
5

velocity change in the backward direction, and a 10 m s1 velocity change in the rightward direction,
for a total velocity change of

2  10 m s1 (vector summation!) in the right-backward direction.

Acceleration is a vector you see? A change in direction of velocity is also an acceleration.

Mathematically,

ds
dv
 a . So v is the rate of change of s. And a is the rate of change of v.
 v and
dt
dt

s

Conversely,

ds
dv
v 
a
dt
dt

 a dt  v and  v dt  s . So a body’s acceleration determines its future velocity which

determines its future displacement!
a   a dt  v   v dt  s

Aren’t they so cute? You are going to have so much fun with this vector triplet.
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2.1.1 Sign Convention
A motion that stays on a straight line (called rectilinear motion) has only two possible directions:
either forward or backward, upward or downward, rightward or leftward etc. If we use the positive
sign to denote one direction, and the negative sign for the opposite direction, we are said to have
adopted a sign convention. For illustration, let’s choose the “rightward is positive” sign convention
for the motion of the sheep below.
Displacement
For displacements, we must first assign an arbitrary reference point to be s  0 m .
reference point

s = −2 m

s = −1 m

s=0m

s = +1 m

s = +2 m

If we choose the “rightward is positive” convention, we will denote positions on the right and left of the
reference point with +ve and –ve displacements respectively.
Velocity
In the diagrams below, the position of the sheep is shown at 1 s intervals.
Following the “right is positive” convention, the velocity of a rightward moving sheep is denoted by a
+ve number. If the displacement is increasing by 1 m every 1 s, its velocity is denoted by +1 m s-1.
v = +1 m s-1

(s is increasing by 1 m per s)

s=0m

s = +1 m

s = +2 m

s = +3 m

Similarly, the velocity of a leftward moving sheep is denoted by a −ve number. If the displacement is
decreasing by 1 m per s, its velocity is denoted by 1 m s1 .
v = −1 m s-1
s = −3 m

s = −2 m

s = −1 m

s=0m

(s is “decreasing” by 1 m per s)

Now which do you think is the fastest speed, 5 m s-1, 1 m s1 or 20 m s1 ? A common newbie
mistake is to think that 5 m s-1 is the fastest speed since 5  1  20 . Do realize that −20 m s-1 is the
fastest speed. The negative sign is there to denote the leftward direction of the velocity. Basically,
when comparing speeds, just ignore the sign.
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Acceleration
In the diagrams below, the position and velocity of the sheep is shown at 1 s intervals.
Again, the acceleration is the most entertaining one among the s-v-t triplet. Now listen to this:
positive/negative acceleration does not necessarily imply increasing/decreasing speed.
Think about this. Positive acceleration merely implies that the velocity is becoming more positive. This
means increasing speed if the velocity is currently positive…

a = +1 m s-2
-1

(v is increasing by 1 m s-1 per s)

+1 m s

-1

-1

+2 m s

-1

+3 m s

+4 m s

… but decreasing speed if the velocity is currently negative.

-2

−1 m s-1 −2 m s-1

−3 m s-1

a = +1 m s
(v is “increasing” by 1 m s-1 per s)

−4 m s-1

Conversely, negative acceleration merely implies that the velocity is becoming more negative. This
means increasing speed if the velocity is currently negative…

-2

a = −1 m s
-1

−4 m s

-1

-1

−3 m s

−2 m s

-1

−1 m s

-1

(v is “decreasing” by 1 m s per s)

… but decreasing speed if the velocity is currently positive.

-2

a = −1 m s
-1

-1

(v is decreasing by 1 m s per s)

+4 m s

-1

+3 m s

-1

+2 m s

So the sign of the acceleration alone does not imply increasing/decreasing speed. Instead, speed
increases when the velocity and acceleration have the same sign, and decreases when the velocity
and acceleration have opposite signs.
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-1

+1 m s

2.1.2 a-t, v-t and s-t graphs
A rectilinear motion can be fully presented by its a-t, v-t and s-t graphs. And guess what, the three
graphs are inter-related. Let me quickly summarize their inter-relations for you.

The gradient of the s–t graph is v, since

v

The area under the v–t graph is s. since1



The gradient of the v–t graph is a, since

a

The area under the a–t graph is v, since2



t2

t1

t2

t1

ds
dt

v dt  s2  s1

dv
dt

a dt  v 2  v1

Now you’re ready to traverse these three graphs.
Worked Example 2.1
Given the v-t graph for the motion of a ball over 5 seconds, derive the corresponding s-t and at graphs. (Assume “rightward is positive” sign convention.)

1

2

It is not required for the A-level, but here’s how the math goes:
Similarly, here’s how the math goes:



t2

t1

a dt  
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t2

t1



t2

t1

v dt  

t2

t1

s2
ds
s
dt   1 ds  s s2  s2  s1
s1
1
dt

dv
v
dt   1 dv  v v 2  v 2  v1
v1
1
dt
v2

5

Solution
-2

-1

a/m s

s/m

v/m s

1.0

1.0

1.0

t
5.0

t
5.0

t
5.0

see animation at xmphysics.com

2.2 Equations of Motion
2.2.1 Calculations
Uniform acceleration motion refers to motion with constant acceleration. If we are provided with the
initial velocity u and constant acceleration a, we can calculate the subsequent velocity v and
displacement s at any time t using the following three equations.
The v−t equation:

v  u  at

The s−t equation:

s  ut 

The v−s equation:

v 2  u 2  2as

1 2
at
2

Collectively, they are called the equations of motion, a.k.a. the suvat equations. Individually, I call
them the v-t, s-t and v-s equations. Notice that the symbols in red are constants, while those in blue
are variables.
Students like to ask, “So when do I use which equation?” Well, it comes with practice and experience.
But roughly speaking, you use
the v-t equation when it involves the velocity at a particular time,
the s-t equation when it involves the displacement at a particular time, and
the v-s equation when it involves the velocity at a particular displacement.
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Worked Example 2.2
From rest, a car accelerates at a constant rate of 2.0 m s -2. Calculate
a) its velocity 3.0 seconds later,
b) its position 3.0 seconds later,
c) its velocity 3.0 m from the starting position.
Solution
a) Since we are working for v at particular t, we use the v-t equation.
(v  u  at )
v  0  (2.0)(3.0)
 6.0 m s1

b) Since we are working for s at particular t, we use the s-t equation.
1 2
at )
2
1
s  0  (2.0)(3.0)2
2
 9.0 m

(s  ut 

c) Since we are working for v at particular s, we use the v-s equation.
(v 2  u 2  2as )
v 2  0  2(2.0)(3.0)
v  3.46 m s 1

Worked Example 2.3
The velocity of a car at t  0 s is 8.0 m s-1 rightward. It has a constant acceleration of 3.0 m s-2 in the
leftward direction. Calculate
(1) its velocity 2.0 seconds later,
(2) its position 6.0 seconds later,
(3) the furthest to the right reached by the car.
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Solution
(1) Since we are working for v at particular t, we use the v-t equation.
(v  u  at )
v  8.0  ( 3.0)(2.0)
 2.0 m s1

Notice that we are taking the sign convention of rightward being +ve. That’s why we write u as
positive 8.0 but a as negative 3.0.
(2) Since we are working for s at particular t, we use the s-t equation.
(s  ut 

1 2
at )
2

s  (8.0)(6.0) 

1
( 3.0)(6.0)2
2

 6.0 m

Since our sign convention is rightward being +ve, the negative sign implies that the car’s position
is 6.0 m to the left of the initial position.
(3) Since we are working for s at particular v, we use the v-s equation.
(v 2  u 2  2as )
02  (8.0)2  2( 3.0)s
s  10.7 m

Notice that the car travels rightward as long as the velocity is positive. It turns back only after its
velocity turns negative. That’s why to solve for the furthest distance to the right is to solve for s at

v  0.
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2.2.2 Graphs
Besides calculations, you are also expected to sketch the v-t, s-t and v-s graphs for uniform
acceleration motion. Let’s start with scenarios when the motion starts from rest (i.e. u  0 ).

What do the graphs tell us? Since acceleration is constant, the velocity increases at a constant rate
with time. That’s why the v-t graph is a straight line (v  ut ) . The s-t graph, on the other hand, is a
steepening curve because the speed is continuously increasing. In fact, the math shows that the s-t
graph is a quadratic curve (s 

1 2
at ) . The math also shows that the v-s graph is a square-root function
2

(v  2as ) .

Ver 1.0 © Chua Kah Hean xmphysics

9

Let’s move on to scenarios when the motion starts from some non-zero initial velocity u.

Nothing much has changed isn’t it? Well, the v-t graph is still straight, the s-t graph is still quadratic
and the v-s graph is still square-rooty. They are basically the same graphs as those on the previous
page, but shifted so that the motion starts with the initial velocity u at t  0 (and s  0 ).
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Now for scenarios when the acceleration a is in the opposite direction to the initial velocity u.

Things are certainty more interesting now because the motion is going to slow down, coming to rest
momentarily before speeding away in the opposite direction. But the graphs still retain the same
shapes as before.
Ultimately, as long as the acceleration is constant, the v-t graph is straight because v changes linearly
with time, the s-t graph is quadratic because s changes quadratically with time, and the v-s graph is
square-rooty because v changes square-rootically with s.

Ver 1.0 © Chua Kah Hean xmphysics

11

2.2.3 Derivation
It may surprise you. But anybody with basic mathematics could have derived the equations of motions
with simple logic.
The v-t equation basically comes directly from the definition of acceleration.

a

v u
t

 v  u  at

(1)

For displacement, we can start from s  v ave t , where vave refers to the average velocity during the
duration t. Since v ave 

u v
for uniform acceleration motion,
2
s  v ave  t  s 

1
(u  v )  t
2

(2)

It may interest you that we can also derive equation (2) by considering the trapezium area under the
v-t graph.
velocity
v
u
0

time

t

To derive the s-t equation, we just need to get rid of v by substituting v  u  at into equation (2).
1
(u  v )  t
2
1
1
 (u  (u  at ))t  s  ut  at 2
2
2

s

(3)

To derive the v-s equation, we just need to get rid of t by substituting t 
1
(u  v )  t
2
1
v u
 (u  v ) 
2
a
2
2
v u

 v 2  u 2  2as
2a

s
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(4)

v u
into equation (2).
a

2.3 Acceleration of Free Fall
If I give you a lead ball, how can you make it move at constant acceleration?
Well. All you have to do, is drop it. Yup. Just let it fall through air. Assuming that the effect of air
resistance is negligible, the toy car of mass m will experience a constant gravitational pull of mg,
resulting in a constant acceleration of mg  m  g . The acceleration of free fall, g, does vary a tiny
wee bit at different places on Earth. For the A-level, you are expected to use the “average” value of
g  9.81 m s2 .

By the way, do you realize that it does not matter what the value of m is? All masses, heavy or light,
free falls at the same acceleration of g  9.81 m s2 . In the absence of air resistance, even a feather
drops like a rock.

view at xmphysics.com

2.3.1 Vertical Jump/Throw
A frog jumps vertically. It will go up, and then it will come down. When does it experience the maximum
acceleration? On the way up, on the way down?
Well that’s a trick question. The moment the frog leaves the ground, it will experience no other force
other than the gravitational pull mg (assuming negligible air resistance), until it lands. So the frog is
“free rising” and free falling all the time, with a constant (downward) acceleration of 9.81 m s-2.
Now can you try to sketch the s-t, v-t and a-t graphs for the frog’s motion (using the “upward is positive”
sign convention)?
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s
grad = 0

H
grad = - v0

0

grad = v0

tp

2tp

t

v

vo
H

tp

2tp

0

t

H

-vo

a
tp

2tp

0

v0

t

v0

-g

You shouldn’t be surprised by the shapes of the graphs. Because acceleration is constant, the s-t
graph is quadratic curve, v-t graph is linear and a-t graph is horizontal.
From top to bottom, do appreciate that the gradient of the s-t graph is the v-t graph, and the gradient
of the v-t graph is the a-t graph. From bottom to top, do appreciate that the area under the a-t graph
is the change in v in the v-t graph, and the area under the v-t graph is the change in s in the s-t graph.
Be alert to the fact that any turning point in the s-t graph must correspond to v  0 in the v-t graph.
Notice also that there is something symmetrical about the upward and downward motion. Since
motion slows down at the same rate (on the way up) as it speeds up (on the way down), the amount
of time it takes to go up tp is the same as the amount of time it takes to come down.
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Worked Example 2.4
Let’s do some calculations. Let’s try to calculate
a) At what speed must the frog lift off if it were to rise through a height of 50 cm?
b) For how long does the frog stay in the air?
Solution
a) Since v  0 at maximum height, (v 2  u 2  2as )
0  u 2  2( 9.81)(0.50)
u  3.132  3.13 m s 1

b) Time to reach the peak tp 

v 3.132

 0.3193 s
a
9.81

It takes equal amount of time to go up as come down.
So the total time it stays in the air  2  t p  2  0.3193  0.639 s

2.3.2 Vertical Bounce
A marble, dropped from rest at height H above the floor, is allowed to bounce off the floor two times.
The collision with the floor is completely elastic and negligibly short.
See if you can sketch the marble’s v-t, s-t and a-t graphs. (Let’s adopt the “upward is positive” sign
convention)
If you have already understood the vertical jump, the bouncing marble should be easy. The bouncing
marble is just vertical jumps interrupted by the bounces. So you shouldn’t be surprised by the shapes
of the graphs (drawn on the following page). The s-t graph consists of quadratic curve segments, v-t
graph consists of straight line segments and a-t graph is horizontal, except during impacts. So what
happens during impacts?
During an impact, the marble experiences an upward normal contact force (exerted by the floor), in
addition to the downward gravitational pull. In fact, the contact force must be infinitely large, since it
is able to make the resultant force upward and cause the velocity to change from –v0 to +v0
instantaneously.
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On the v-t graph, the bounce shows up as a vertical line. The acceleration during this instant is a very
large positive number. (Think a 

v v 0  ( v 0 )

  ). On the a-t graph, this is depicted as a spike
t
0

when the acceleration jumps from -9.81 m s-2 to +∞ m s-2.
Technically, the duration of impact, no matter how short, is not zero. So the v-t graph ought to be a
very steep line (instead of a vertical line). And the a-t graph ought to show a big jump to a very large
positive acceleration (instead of an infinite spike).

s
grad = 0

grad = 0

H

grad = v0

0

t1

grad = v0

2t1

grad = - v0

3t1

4t1

grad = - v0

t

v

vo
H

H
(4)

0

H

t1

2t1

t1

2t1

H

3t1

4t1

t

-vo
a

-g
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peak

t

2.3.3 Terminal Velocity
If we drop a basketball from the top of the world’s tallest building, it will stop accelerating when it
reaches its terminal velocity of about 20 m s-1 (≈ 70 km h-1). What is the cause of this speed limit?
Roughly speaking, the basketball goes through the following 3 stages during its descent:
At the instant the basketball is dropped, it is still stationary and there is no
R=0
a=g

v=0

air resistance. Pulled downward only by the gravitational pull mg, its
acceleration is 9.81 m s-2.
Fnet  mg

mg

a

Fnet mg

 ag
m
m

Once it is moving, air resistance R sets in. Does the basketball start slowing
down? No. Because the net force is still downward. As long R is weaker
than mg, the net force is still downward and the basketball is still
accelerating downward. Just that it now accelerates at less than 9.81 m s-2.

R

Fnet  mg  R

a<g

v>0

a

Fnet mg  R
R

g
 ag
m
m
m

mg
As the basketball gains speed, R increases, causing Fnet and thus a to
decrease. In other words, during its descent, the basketball’s velocity will
be increasing at decreasing rate.

R
Eventually, the basketball progresses to a speed at which R is practically

v=vt

a=0

equal to mg. With zero net force, the basketball stops accelerating. It has
reached terminal velocity vt.
Fnet  0  a  0

mg

Air resistance increases with the velocity of the object. It is this “feature” of air resistance that produces
the phenomenon of terminal velocity!
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Now we are ready to sketch the s-t, v-t and a-t graphs for the basketball’s motion. This time we’ll use
the “downward is positive” sign convention since the motion is entirely downward.
Basically


the a-t graph is a curve that starts at 9.81 m s-2 and decreases towards zero asymptotically.



the v-t graph is a curve that starts at 0 (with gradient=g), and increases towards the terminal
velocity vt asymptotically.



the s-t graph begins as a (quadratic) curve but eventually approaches a straight line. Its gradient
starts off at 0 m s-1 and increases towards vt asymptotically.
a

g

a0

0

t

v
grad  0

vt

grad = g

t

0

s

grad = 0

t

0
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2.3.3.1 Derivation of Terminal Velocity (Beyond syllabus)
In the previous section, we explained that in the presence of air resistance, as the drag force increases
with speed, the object’s velocity should increase at decreasingly rate. However, how exactly will the
velocity approach the terminal velocity (if at all) was not discussed. For the math-inclined students,
the derivation shown below should be quite enjoyable.
Laminar Flow
If the drag force is proportional to speed (FD  kv ) , the terminal velocity should be vT 

mg
.
k

Fnet  ma

Applying N2L to the falling object, we get

mg  kv  m



1
v
1
vT

dv
dt

dv   g dt  v  vT (1  e



k
t
m

)

Turbulent Flow
If the drag force is proportional to the square of speed (FD  kv 2 ) , then vT 

mg
.
k

Fnet  ma

Applying N2L to the falling object, we get

mg  kv 2  m



dv
dt

1
kg
dv   g dt  v  vT tanh(
t)
m
v2
1 2
vT

So it involves quite a bit of integration (which is why it is not in the H2 syllabus), but the mathematics
show that the terminal velocity is approached asymptotically, according to an exponential function
under laminar flow conditions (e.g. tiny ball falling in honey), but hyperbolic tangent function under
turbulent flow conditions (e.g. heavy ball falling in air).
In theory, as an asymptote, the terminal velocity can never be reached (kind of like Achilles can never
catch the tortoise in Zeno’s paradox). In practice however, random fluctuations (e.g. a gust of wind,
object rotating, etc) probably bump the velocity above and below the “terminal velocity”.
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2.3.4 Vertical Throw with Air Resistance
If you toss a tennis ball vertically upward, to the naked eye it probably looks like it takes the same
amount of time to go up and come down. But if you toss a balloon instead, it is pretty obvious that it
takes a lot more time to come down than go up. What causes this asymmetry?

Roughly speaking, the balloon goes through the following 3 stages:

During the ascent, both the air resistance R and gravitational pull mg act

R

downward, resulting in a (downward) net force larger than mg, and
a>g

v

(downward) acceleration larger than 9.81 m s-2.
Fnet  mg  R
a  (mg  R )  m  g 

mg

R
 ag
m

As the balloon slows down during its ascent, R decreases, causing the
acceleration to decrease towards 9.81 m s-2.

When the balloon comes to an instantaneous rest at the top of its motion, air
resistance is zero. The balloon experiences only mg. So its acceleration is

R=0

v=0

a=g

mg  m  g . This is the only instant when the acceleration is 9.81 m s-2.
Fnet  mg
a  mg  m  a  g

mg

During the descent, R acts upward while mg acts downward, resulting in a
(downward) net force smaller than mg, and (downward) acceleration smaller

R
a<g

v

than 9.81 m s-2.
Fnet  mg  R
a  (mg  R )  m  g 

mg

R
 ag
m

As the balloon speeds up during its descent, R increases, causing the
acceleration to decrease towards 0 m s−2.

Air resistance always acts in opposite direction to velocity. The air resistance acting in different
directions during the ascent and descent is the cause of the asymmetry in the balloon’s motion!
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Are you ready to sketch the s-t, v-t and a-t graphs for the balloon’s motion? This time we’ll use the
“upward is positive” sign convention.

The a-t graph below illustrates what has been discussed so far.
a

t

0
-g

land
peak

launch



Firstly, note that the acceleration is negative since it is downward.



Secondly, note that the magnitude of the acceleration decreases continuously, from more than
9.81 m s-2 (on the way up) to less than 9.81 m s-2 (on the way down). At the instant when the
balloon is at the peak, the acceleration is exactly 9.81 m s-2 (downward).



Just to be complete, the green area represents the speed at which the balloon is launched vi,
while the blue area represents the balloon’s landing speed vf. The green area ought to be larger
than the blue because v i  v f .

There are many interesting details in the v-t graph:
v
vi

|grad| > g

|grad| = g

t

0

|grad| < g

vf


Since we are taking upward as positive, the v-t graph starts from the launch speed vi, decreases
(as the balloon slows down as it rises), reaches zero (when the balloon is at the peak), then
increases in the negative direction (as the balloon speeds up and it falls), reaching the final speed
vf when the balloon returns to the original position.
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The graph is a smooth curve, with gradient becoming gentler and gentler, matching the
acceleration which becomes smaller and smaller. There is an important landmark at v=0: when
the balloon is at the peak, the gradient of the v-t graph should be 9.81 m s-2.



So when should the graph end? The green and blue areas represent the upward distance and
downward distance travelled by the balloon. These two areas should match! This would kind of
guide us to where to end the graph.



Because of the curvature of the graph, it is obvious that the landing speed vf is always going to be
lower than the launch speed vi. This makes sense because the balloon decelerates much faster
(on the way up) than it accelerates (on the way down). So the upward motion occurs at a higher
average speed than the downward motion. This also explains it always takes a longer time for the
balloon to come down than go up.

As for the s-t graph:
s
grad = 0

H
grad = vi

t

0

grad = vf



Intuitively, the graph should go up and then come down, just like the balloon.



But this is not a symmetrical quadratic curve. The gradient changes at a faster rate on the way up
than down.



Also, because gradient of s-t graph is velocity, the graph must be drawn with gradient=vi at t  0 ,
and gradient=vf at the end.
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2.4 Diluted Acceleration of Free Fall
When the great Galileo was wondering whether a free-falling mass is undergoing uniform acceleration,
he could not just drop a mass and measure its velocity because the motion will be too fast for his
water clocks. So what did he do? He “diluted” gravity by letting spheres roll down a slope instead.
The physics of rolling is not in the H2 syllabus. Instead, we talk about blocks sliding down frictionless
slopes (a.k.a. inclined planes).
N

mgsinθ
θ
θ
mgcosθ

mg

When analyzing sliding motions along the slope, the smart thing to do is to resolve the weight of the
object into two components: the perpendicular to the slope mgcosθ and the component parallel to the
slope mgsinθ.
By definition, a frictionless slope does not exert any friction on the mass. But it stills exert the normal
contact force N, which by definition is directed perpendicular to the slope. So the smooth slope only
resists the motion of the mass perpendicularly into the slope, but is totally cool with the mass moving
parallel to the slope. Which means N  mg cos . The slope exerts a normal contact force that cancels
out mgcosθ, leaving mgsinθ as the unbalanced force. Since a mass experiences a constant net force
of mgsinθ, it accelerates at a constant rate of gsinθ. Regardless of mass.

view video at xmphysics.com
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2.5 Projectile Motion
Have you experienced a flight so smooth, when there is no turbulence and the plane is just cruising
quietly, that you can’t tell whether the plane is resting on the tarmac or flying at 200 m s -1 through the
air? If you toss a mandarin orange vertically upward, it will go up and down along a straight line. Or
at least that’s how it looks like to you sitting in the plane. But to an observer on the ground, what would
he see of the trajectory of the mandarin orange?
Well, I can’t be filming people tossing oranges in a plane flying past me, but I did film myself tossing
an orange on a moving travellator.

view video at xmphysics.com

Did you see that? The orange’s trajectory is a parabolic path, a.k.a. a projectile motion. Here is the
big hairy idea: a projectile motion is just a vertical throw combined with a horizontal movement. The
vertical motion is uniform acceleration motion (with a  9.81 m s2 downward), whereas the horizontal
motion is constant speed motion. Now this is such an important concept I made another video to
hammer it into your head.

view video at xmphysics.com
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A careful examination of the quadratic curve reveals the same idea. The tangents to the curve (drawn
in green) correspond to the velocity of the projectile motion at each point. The horizontal component
(in blue) is constant, whereas the vertical component (drawn in red) is changing at a constant rate.

Because the horizontal and vertical motions of a projectile motion are independent of each other, it is
easier to analyze and calculate them separately. For a projectile launched at speed u at an angle of θ,
we first obtain
u x  u cos 
uy  u sin 

Horizontally, the projectile moves forward at a constant speed. So calculations can be done using

v x  ux
sx  u x t
Vertically, the projectile is moving under the influence of (constant) gravity. So the calculations must
be done using the equations of motion

v y  uy  gt
1
sy  uy t  gt 2
2

v y 2  uy 2  2gsy
Ver 1.0 © Chua Kah Hean xmphysics
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2.5.1 Calculations
A sample calculation should be useful.
Worked Example 2.5
u =120 m s-1

A cannon ball is fired at 120 m s-1 at an inclination angle of 25°. Ignoring the effect of air resistance,
calculate
a) the speed of the cannon ball 8.0 seconds later,
b) the distance between the cannon ball from the launch position 8.0 seconds later,
c) the maximum height reached,
d) the landing position of the cannon.
Solution
u x  120 cos 25  108.8 m s 1
uy  120 sin 25  50.71 m s 1

uy

u
vy
ux

a)
(v y  uy  ay t )
v y  50.71  (9.81)(8.0)  27.77 m s-1

v  108.82  27.772
 112m s1
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vx
v

b)
uy

u
sx

sy

ux

(s x  u x t )
sx  (108.8)(8.0)  870.4 m

(s y  u y t 

1 2
ay t )
2

sy  (50.71)(8.0) 

1
( 9.81)(8.0)2  91.76 m
2

s  870.42  91.762
 875 m

c)
uy

u

vy = 0
H

ux
Vertical velocity is zero at the peak.
(v y 2  uy 2  2ay sy )
0  50.712  2(9.81)H
H  131 m

d)
Vertical velocity is zero at the peak.

(v y  uy  ay t )
0  50.71  (9.81)t p
t p  5.169 s
Time of flight  2t p  10.34 s
Range  108.8  10.34
 1125 m
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vx

2.5.2 Maximum Height H
The maximum height of a projectile H is dependent only on its initial vertical component of velocity uy
and is independent of the horizontal motion.
(v 2  u 2  2as )
0  uy 2  2gH
H

uy 2
2g

2.5.3 Time of flight tf
The time of flight tf a projectile H is dependent only on its initial vertical component of velocity uy and
is independent of the horizontal motion.
(v  u  at )
0  uy  gt p
tp 

uy
g

tf  2t p 

2uy
g

2.5.4 Horizontal Range R
A cannon launches cannon balls at speed u. What is the launch angle θ that results in the maximum
horizontal range R (assuming zero air resistance)?
The horizontal range, R  horizontal speed × time of flight
 u x  tf
 ux 

2uy
g

Too high a launch angle θ is no good because ux will be too small, so the cannon ball hardly moves
forward during the flight. Too low a launch angle θ is also no good because uy (and thus tf) will be too
small, so the cannon ball hardly has any time to move forward before the landing.
So what is the “just nice” angle?
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Let’s expand the terms and let the math show us.
R

2u x u y

g
2(u cos  )(u sin  )

g


u 2 sin 2
g

Can you see that 45° is the magic angle? The maximum horizontal range is

u2
, and it occurs when
g

sin2  1 and   45 .

2.5.5 Horizontal Projectile
Consider two projectiles A and B launched horizontally from the edge of the cliff at the same time,
with initial speed u 2u respectively. If A lands in time T at distance X away from the cliff, when and
where does B land? (Ignore air resistance)

A

B

X
Answer? Since both of them have the same initial vertical velocity of zero, they have the same vertical
motion. So they will land at the same time! But B is moving forward twice as fast as A, so it lands at
distance 2X from the edge of the cliff.

view video at xmphysics.com
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2.5.6 Trajectory Comparison
To tie up everything we learnt in this section, let’s exercise our brains a little, and try to sketch the
trajectories for projectiles under the following situations:
a) Same uy, different ux
b) Same ux, different uy
c) Same θ, different u
d) Same u, different θ
view animations at xmphysics.com

a) Same uy, different ux

ux = 1

ux = 2



All three projectiles have the same vertical motion since they have the same uy.



Since the time of flight is the same, the horizontal range is proportional to ux.

ux = 3

b) Same ux, different uy
uy = 3

uy = 2

uy = 1



The maximum height is proportional to uy2.



All three projectiles move forward at the same speed (since they have the same ux).



So the horizontal speed is the same, the horizontal range is proportional to tf and thus uy.
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c) Same θ, different u

u=3

u=2

u=1


Both the maximum height and horizontal range are proportional to u2.

d) Same u, different θ

θ = 75°
θ = 60°

θ = 45°

θ = 30°
θ = 15°



Increasing θ results in increasing uy but decreasing ux.



A lower launch angle has a faster horizontal speed but a higher launch angle has a longer flight
time.



A projectile launched at θ lands at the same spot as one launched at 90   (since R 
and sin2 is symmetrical about   45 ).



The maximum range is attained at θ = 45°.
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u 2 sin 2
g

