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4.1 Hydrostatic Pressure
4.1.1 The Formula
Consider a stack of discs, each of weight 10 N. The normal contact force between each pair of
cardboards, starting from the top, will be 10 N, 20 N, 30 N and so on.
A
10 N

W
20 N

h

30 N

Fp
discs

water layers

Now consider the cylindrical volume water in a beaker. If we mentally slice the water into horizontal
layers, then there is also going to be “normal contact forces” between each pair of layers. In fact, at
depth h, the weight of all the layers of water above must be supported by the force Fp exerted by the
layer of water just below. Using A and ρ to denote the cross-sectional area and density of the water
layers, we get
Fp  W  mg  Vg
 (  Ah )g

Dividing by A, we obtain
p  Fp  A  (  Ah )g  A
 h g

This quantity p, which represents the force per unit area exerted by a fluid (at depth h) is called the
static fluid pressure.

It is obvious from the formula that fluid pressure increases linearly with depth h. It is also clear that
the fluid’s weight is the source of the fluid pressure. In fact, p disappears if g is “turned off”.
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4.1.2 Pressure Acts in All Directions
In the previous section, we derived the formula for fluid pressure by considering vertical forces only.
But you have probably been told that “pressure acts in all direction”. Why?

The best way to understand this, is to start from a spherical bob of water, floating in zero-g condition.

What keeps this bob from exploding? The H2O molecules must be exerting attractive forces on one
another when they are too far from one another. What keeps this bob from imploding? The H2O
molecules must be exerting repulsive forces on one another if they are too close. What can we
conclude? The H2O molecules in this bob must be at some “equilibrium” separation from one another
such that there is neither attractive nor repulsive forces among them. This is why there is no fluid
pressure under zero-g conditions.

On Earth, we have gravity of course, and we have to hold the water in a container. With gravity pulling
the H2O molecule downward, the H2O molecules must now be at less than “equilibrium” separation
from one another. If it were a solid, the compression1 will be mostly in the vertical direction only. But
for a liquid, where molecules do not have a fixed position in a lattice, the compression occurs for all
directions. As a result, every molecule in a fluid exerts repulsive forces against all its neighboring
molecules.

So even though the weight which causes the fluid to be pressurized is a vertical force, the molecules
in the pressurized fluid push against anything and everything in all directions. In that sense, “pressure
(at a point) acts in all direction”. But do realize that this statement is a bit buggy because pressure, as
a scalar quantity, has no direction. Technically, it is only the pressure forces that act in all directions.

This “molecular spring” is very stiff and the compression is very tiny. Nevertheless, it is reflected in the density
of seawater increasing with depth. It is about 4% denser at 10,000 m depth.
1

Ver 1.0 © Chua Kah Hean xmphysics

3

If you understand that pressure acts in all directions, including sideway horizontally, then you can
understand why pressure is not affected by the shape of the fluid. Only the vertical height matters.

h
Same depth, same pressure

4.1.3 Atmospheric Pressure
A gas is also considered a fluid since they also “flow” and take the shape of its container. They are
also pressurized by their own weight and exhibits hydrostatic pressure governed by the same
formulae p  h g .

We happen to live submerged at the bottom of the Earth’s atmosphere. What the atmosphere lacks
in density (of the order of 1 kg per m3 at sea level, dropping with altitude) is more than compensated
for by depth h (roughly 20 km of air above us). The resulting hydrostatic pressure is a formidable
atmospheric pressure (at sea level) of about 100,000 N per m2.
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4.2 Upthrust
A pressurized fluid will always push against any surface it comes into contact with. This is called the
pressure force. The direction of the pressure force will be normal (i.e. perpendicular) to the surface.

Let’s consider an object totally immersed in a fluid. The object will be pushed by the fluid from all
directions. Do all these forces cancel out? Yes for the horizontal components. No for the vertical
components. Because hydrostatic pressure increases with depth, the pressure forces pushing the
bottom surface upward is always stronger than the pressure forces pushing the top surface downward.
The resultant of all these pressure forces is an upward force, called the force of upthrust.

U

=

Pressure forces
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4.2.1 Archimedes’ Principle
When an object is submerged (partially or completely) in a fluid, it displaces the fluid. The “displaced
fluid” refers to the fluid that made way for the object. The displaced volume Vf is the volume that is
occupied by the object instead of the fluid.

U

U

U

U

displaced volume

Archimedes’ Principle states that upthrust is (numerically) equal to the weight of fluid displaced (by
the object).

U  mf g  fVf g
For something that is the resultant of all the pressure forces at every point of the body, this formula is
surprisingly neat and exact (recall how messy and “empirical” the drag and fictional forces are). How
is that possible?

Consider a tub of water. Now mentally carve out a spherical volume of water (drawn in green) to be
a separate entity from the rest of the water. Basically, we are imagining a (green) water ball
submerged in (blue) water.

U = fVg

=
W = oVg
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Now this water ball is going to experience pressure forces (exerted by surrounding water) at every
point on its surface. The resultant of these forces is the upthrust experienced by the water ball. What
is the magnitude of this upthrust? Since the water ball is hovering in equilibrium, the upthrust should
be exactly equal to the weight of the water ball.

Now mentally swap the water ball with another ball of the same size and shape but of a different
material, e.g. brass ball, wooden ball etc. Notice that the depth and surface orientation at every point
of contact is the same as before? So brass ball, wooden ball, whatever ball, should receive the same
pressure force at every point, and thus the same upthrust as the water ball!

We can extend this idea to all kinds of shapes. When an object displaces a fluid, we can imagine
replacing the object with the displaced fluid. We know the upthrust exerted by the surrounding fluid
on the displaced fluid is exactly equal to the weight of the displaced fluid (since we know the displaced
fluid will be at equilibrium). Now mentally swap back the object. It’s still the same upthrust! That’s why
upthrust is (numerically) equal to the weight of fluid displaced! Wow!

4.2.2 Law of Floatation
Since upthrust is (numerically) equal to the weight of the fluid displaced, the more fluid displaced, the
larger the upthrust. If an x-kg object wants to float, it must displace x-kg of fluid.
Let’s consider a solid object of volume Vo and density ρo, displacing a fluid of density ρf.
The maximum volume of fluid this object can displace is Vo, when it is fully submerged. This means
that the maximum upthrust this object can receive from the fluid is

Umax  mf g  f Vo g .

Compare this with the weight of the object

W  mo g  oVo g
This tells us that if o > f , then W > Umax. This is why anything denser than a fluid sinks in the fluid.
Because The object is unable to displace enough fluid to generate a large enough upthrust to support
the object’s weight.
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On the other hand, if o < f, then W < Umax. The object will float with a fraction of its volume submerged
in the fluid. It must displace an amount of fluid that has the same weight as itself. In fact, since
U W
mf g  mo g

f Vf g  oVo g

Vf
 o
Vo f
the fraction of volume submerged is

o
. So the lower the object’s density, the higher it will float.
f

What if the object has the exact same density as the fluid? If o = f, then W = Umax. When fully
submerged, the object achieves neutral buoyancy, and will neither sink nor float. In fact, it can hover
at equilibrium at any depth in the fluid as long as it is fully submerged.

cork

wood

ice

-3

0.25 g cm

water

-3

0.67 g cm

weight

upthrust

-3

0.90 g cm

plasticine
-3

1.0 g cm

aluminium

-3

1.9 g cm

-3

2.7 g cm

NCF

Now, a quick test on your understanding. Predict the height each cube will float/sink at in water. Check
your answer at xmphysics.com.
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4.2.3 Worked Examples
Worked Example 1
a) A solid lump of plasticine, with volume 50 cm3, is dropped into a beaker of water. Calculate the
upthrust acting on the lump of plasticine.
b) The plasticine is then dished out from the water, moulded into a boat, and floated on the water.
Calculate the volume of water displaced by the plasticine boat.
Density of plasticine = 2.0 g cm-3
Density of water = 1.0 g cm-3

Solution

displaced volume Vf

a)
Since the lump of plasticine is completely submerged, it displaces 50 cm3 of water.

U  f Vf g
 (1.0  103 )(50  106 )(9.81)
 0.491 N
b)
Since boat is floating, upthrust must be equal to weight.

U W
f Vf g  oVo g
(1.0)Vf  (2.0)(50)
Vf  100 cm3
Actually, the answer can be gotten using just mental sum. Since the plasticine boat has a mass of
100 g, it must displace 100 g of water (which corresponds to 100 cm3 of water) in order to float.
“sink the boat”
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Worked Example 2
A cylindrical lump of plasticine is hung on a string and lowered into
a beaker of water resting on a table top. The mass of the plasticine
is m. The total mass of the beaker of water is M. Complete the graph
below to show how the tension force T in the string and the normal
contact force N on the beaker vary as the plasticine is lowered into
the beaker. Assume that plasticine has 3 times the density of water.

lowering
above the
water

N
T

entering
water

in water

touching
bottom

resting at the
bottom

Mg
mg

time
“weigh the bob”
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Solution
lowering
(1)
above the
water

(2)
entering
water

(3)
in water

(4)
touching
bottom

(5)
resting at the
bottom

Mg+mg

Mg+U’
N
T

Mg

mg
mg−U

0
time
Notes
1. Before the lump enters water, T was supporting mg, while N was supporting Mg.
2. As the lump enters the water, it displaces more and more water, and experiences an increasing
upthrust. T decreases while N increases.
3. Since the plasticine has three times the density of water, it only displaces 1/3 its weight of water
1
when fully submerged. So U  mg . With the help of U to support the lump’s weight, T is now
3
2
only mg .
3
The fact that the water is exerting an upward force of U on the plasticine means that the
1
plasticine is exerting a downward force of U’ on the water. N, must therefore increase by mg
3
to support this additional “downthrust”.
Do realize that, once the lump is fully submerged, the upthrust becomes constant. Going deeper
into the water, the pressure forces do increase, but the upthrust (which is the net of all these
pressure forces) does not.
4. Once the lump touches the bottom, it receives an upward contact force from the beaker. T
decreases as the string slackens while N increases.
5. The string is now completely slack. T is zero. With the string no longer helping, N must now
support the entire weight of the lump plus beaker of water.
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4.2.4 Demonstrations
I have compiled a list of demonstrations for upthrust here. What a treat!
🎬 Cartesian Diver
Watch me use telekinesis power to push the diver
down.

🎬 Reverse Cartesian
Obvious my telekinesis power works both ways.

🎬 Double Layer Golf Ball Float
A golf ball is barely floating in brine. Cooking oil
(which is less dense than brine) is going to be poured
over the top. Will the golf ball sink deeper, float
higher, or what?

🎬 Water See-Saw
A tub of water is originally perched precariously on a
wooden peg. When a copper bob is lowered into the
tub, can the see-saw hold its balance?

🎬 Water Bridge
A tub of water containing a boat is originally perched
precariously on a wooden peg. When a boat embarks
on a cruise around the tub, can the tub hold its
balance?
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4.3 Static Equilibrium
4.3.1 Translational Equilibrium
For a body to remain motionless, all the external forces acting on it must cancel each other out
completely.

F  0
When the net force acting on a body is zero, the body is said to be in translational equilibrium.

N

Take the example of the crate resting on the floor. How
can it remain at rest despite gravity and the rightward
push F? Because the downward gravitational pull (by

F

Earth) mg is exactly balanced by the upward normal
contact force (by the floor) N. And the rightward push F

f

is also exactly balanced by the leftward frictional force f.

mg

Fx = 0:

F f

Fy = 0:

N  mg

What about the crate remaining motionless despite the

N
T
θ

tension force T of a rope? Well, horizontally the rightward
component of T is balanced by f, while vertically, the
upward component of tension and N are balanced by mg.

f
Fx = 0:

T cos   f

Fy = 0:

T sin  N  mg

mg
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Worked Example 3
When a 20 N weight is hung on a clothes line, the line sags as shown in diagram. Determine the
tension in the clothes line.

75° 55°

Solution
Method 1

T1

T2
75° 55°

W
Consider the equilibrium of the section of the rope where the mass is hung.
Horizontally, Fx = 0:

T1 sin75  T2 sin55
T1  0.8480T2

Vertically, Fy = 0:

T1 cos 75  T2 cos 55  20
(0.8480T2 )cos 75  T2 cos 55  20
T2  25.2 N

Substitute back into earlier equation: T1  0.8480(25.2)  21.4 N

Method 2
Because the three forces should add up to zero, they should form a closed vector triangle.

T1
75°

W

55°

T2
Using sine rule:

T1
T2
W


sin50 sin55 sin75
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4.3.2 Moments
You already learnt about moments during your O-levels. In case you’re forgotten, the moment (  ) of
a force F about a pivot is given by

  F  d
where d is the perpendicular distance between the (line of action of the) force and the pivot.

Most students have no problem identifying d when the forces are vertical or horizontal: If the force
is vertical, d is a horizontal length. If the force is horizontal, d is a vertical length.

F1

F2
τ = F2×L2

τ = F1×L1

L2
Pivot

Pivot

L1

What if the forces are slanted at a angle? Well, we can always resolve them into their vertical and
horizontal components, and sum up the moments exerted by both components.

Fsinθ

F

θ

Fcosθ

L2

τ = Fsinθ×L1 + Fcosθ×L2
Pivot

L1
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Many exam questions involve a hinged beam/rod/plank at a slanted angle. If the angle between the
(line of action of the) force and the beam (θ) is given, we should resolve the force into components
perpendicular to the beam (F sin ) and parallel to the beam (F cos  ) . Since F cos passes right
through the pivot and produces zero moment, the total moment is simply F sin  L .

Fsinθ
F

θ

F

θ

Fcosθ
L

L
Pivot

Pivot
“resolving” the beam
τ = F×Lsinθ

resolving the force
τ = Fsinθ×L

Alternatively, we can work out the (perpendicular) distance between the force and the pivot to be
L sin . This will also lead us to the same moment F  L sin .
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4.3.3 Rotational Equilibrium (pivot or hinge)
Just like a body is in translational equilibrium if the net force acting on it is zero, a body is said to be
in rotational equilibrium if the net moment acting on it is zero.

  0
If we restrict ourselves to 2D problems,

  0

simplifies into

Sum of clockwise moments = Sum of anti-clockwise moments

Worked Example 4
A hinged uniform rod of length L is held stationary at an angle of 22° by two forces: F1 and F2
applied at the end and midpoint of the rod respectively. Calculate the ratio of the magnitude of F1 to
F2.

F2

F1

L
22°

Solution

sum of CW moments  sum of ACW moments
F2 

L cos 22
 F1  L sin 22
2
F1 1
 cot 22
F2 2
 1.24
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hinge

4.3.4 Rotational Equilibrium (centre of mass)
Snooker players know that they can get the cue ball to spin by hitting it off centre. If they want more
spin, they just have to hit it further off centre.

F

F

F

Obviously, the force is producing a moment. But where is the pivot or hinge? This is where an object’s
centre of mass 2 (CM) comes in. Amazingly, an object’s motion can always be analysed as the
superposition of the rotational motion about its CM, and the translational motion of its CM.

When an object is rotating about its CM, its CM acts like the pivot. As such, it is logical that we
calculate moments about its CM.

2

For all practical purposes, the CM (centre of mass) of an object is also its CG (centre of gravity). As long as

the gravitational field is uniform throughout the object, the CG and the CM are the same point.
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Worked Example 5
As an example, let’s consider a ball of radius 2 m subjected to forces applied at different points of the
ball. Can you deduce whether the ball is in rotational or translational equilibrium for the following
scenarios?

4N

4N

4N

4N

4N
4N

4N

Solution
Net force

Scenario

4N

Net torque

4N

F  0 N
  0 N m

4N

F  8 N
  0 N m

4N

4N

F  4 N
  8 N m

4N
4N
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Equivalent scenario

8N

2N
4N
2N

2N
2N

4.3.4.1 Centre of Mass (Beyond the Syllabus)
Consider an object consisting of two masses m1 and m2 connected by light rod. Where would be
centre of mass (CM) of this object be?

x1

x2

m1

m2

This is same as asking where the balance point of this object is. So the equation below allows us to
calculate the position of the CM along the rod.

m1x1  x2m2

If we use an arbitrary reference point, then the CM can be calculated using through
(m1  m2 )xCM  m1x1  m2 x2  xCM 

m1x1  m2 x2
M

x2
x1

m1

m2
xCM
.

In general, for a system consisting of a collection of masses, the CM’s position can be calculated from
N

xCM 

N

 mi xi
i 1

M

,

yCM 

N

 mi y i
i 1

M

,

zCM 

m z
i

i 1

M

i

,

As long as the gravitational field is uniform throughout the object, where the mass appears to be
concentrated is also where the weight appears to act. That’s why for all practical purposes, the CM
an object is also its CG.
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4.3.5 Couple
Can you spot the couple in the diagram below?
F

τ = F×L
L
F

We are not talking about those husband-wife, guy-gal kind of couples here. We are talking about a
pair of equal but opposite forces whose lines of action are parallel but separated. So in the diagram,
a rod of length L is subjected to a force couple, consisting of the pair of forces F acting at either end
of the rod.

What does the couple do to the rod? Since they sum up to zero, the rod is in translational equilibrium.
The rod stays put and does not go away. However, both forces produce a CW moment about the
centre of mass (CM) of the rod. So the rod is going to spin CW.
That’s why some people think of couples as pure moments.

To calculate the magnitude of the moment produced by the couple, we just sum up the moments
produced by each force F about the CM of the rod.
L
L
F
2
2
 F L

 F

If the forces and the rod are not perpendicular to each other, then we must remember to either resolve
the forces or the rod.

Fsinθ

F
τ = FLsinθ

θ

F

Fsinθ

For example, for the situation depicted above,   FL sin
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4.3.6 Static Equilibrium
For a body to be completely motionless, it must be in both translational and rotational equilibrium. In
other words, the net force and net moment acting on the body must both be zero.

F  0

  0
But when we say “net moment”, don’t we have to specify the pivot point? Obviously, the moment
produced by a force varies with the chosen pivot point. Most people would think that we have to take
moments about either the hinge or the centre of mass (CM) of the body. However, it turns out that if
a group of forces sum up to zero, then the net moment produced by them is actually the same about
any chosen pivot point. In other words, if

 F  0 , then 

evaluates to be the same value about

any point.

6N

4N

2m

2m

4N

4N
Net moment is 4 N m
about any pivot point

Net moment is 2 N m
about CM

A body is in static equilibrium obviously fulfils the

 F  0 condition. This means that we can evaluate

moments about any chosen point, and expect the net moment to be zero! Take for example an 8 m
long plank weighing 30 N is balanced on a fulcrum with by 60 N weight. Obviously, the fulcrum must
be providing an upward force of 90 N (so that net force is zero).

90 N
So the net moments about the

2m

2m

2m

2m

fulcrum:

  30  2  60  1  0

CM:

  90  2  60  3  0

right end:

  90  6  60  7  30  4  0

(using the CW is positive sign convention)

30 N
60 N
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The fact all the moments acting on a body in static equilibrium always sum up to zero regardless of
the chosen “pivot” point is a very useful property. This means that when solving static equilibrium
problems, we have the freedom to choose to form the

  0

equation about any pivot point we

fancy. Needless to say, we should always choose an advantageous pivot point to make our
calculations easier.

Worked Example 6
Consider a plank weighing 60 N and 7.0 m long is at rest, supported by the contact force N of the
floor, and the tension force T from a rope. Determine N and T.

T
80°

N

30°

X
W=60 N
Solution
Take moments about X:

CW moment by W = ACW moment by T
60  (3.5 cos30)  (T sin80)  7.0
T  26.4 N

Horizontally, Fx = 0:

Nx  T cos 50
 (26.4)cos 50
 16.97 N

Vertically, Fy = 0:

Ny  T sin50  W
Ny  26.4 sin50  60
Ny  39.78 N

Using Pythagoras:

N  N x 2  Ny 2  16.972  39.782  43.2 N
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4.3.7 Why must 3 forces intersect at the same point?
cord

Let’s consider a rod that is hinged at one end, and pulled by a
cord at the other. Clearly the rod is in static equilibrium because
the three forces acting on the rod, namely the tension force T
by the cord, weight W of the rod and the force exerted by the
hinge H, sum up to zero.

rod
hinge

We know that W must act vertically downward and T must act

P

along the cord. But what about H? Well, there is actually

T

information in the diagram for me to be able to tell the
direction of H. First thing I do, is to extend the lines of actions
H

of W and T to find their intersecting point P. Next I draw a line
from the hinge to this intersecting point. Ladies and
gentlemen, this is the exact direction of H.

hinge
W

I just employed a quirky “law” that says that if three (and only three) forces result in static equilibrium,
then (the lines of action of) those three forces must intersect at one point. Let me explain.

Remember that one of the conditions for a body to be in static equilibrium is that the net moment,
evaluated about any “pivot” point, is always zero. That would include point P. So we expect the
moments produced by W, T and H about point P to sum up to zero. It is clear that W and T produce
zero moment about point P. The only way for net moment to be zero is for H to produce zero moment
about point P as well. The only way for H to produce zero moment about point P is for its line of action
to pass through P!
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4.4 Free Body Diagram
During school examinations (but rarely in the A-levels), you are often asked to draw free body
diagrams (FBD). School teachers often impose many “requirements” in these drawings. Let’s go
through these requirements now.

Consider the scenario of a crate on a rough floor being pushed by a finger with a constant force. And
we are told that the crate is accelerating at a constant rate.

Obviously, the FBD must include all the external
forces acting on the “free body” (the crate!), like
the one shown on the left. Notice that in this FBD,
the crate is treated like a point mass. And we
must be mindful that the lengths of the arrows
should convey the relative magnitudes of the
forces. E.g. N and mg must be drawn the same
length since there is no vertical acceleration,
whereas F is drawn longer than f since there is
rightward acceleration.

N
N: normal contact
mg: weight of crate
f

F

F:

push exerted

f:

frictional force

mg

In many schools, the above is still deemed inadequate. Because A-levels problems often involve
moments, so the lines of action of the forces are important too. As such, the points of application of
the forces should be shown in the FBD, like the one below.
N

F

M
f
mg

Notice that we no longer simplify the crate as a point mass. As an elongated body, mg is drawn exactly
where it is supposed to act i.e. at the CG. For simplicity, let’s assume that the finger is nudging the
crate at the middle, so the line of action of F also passes through the CG. This means that F and mg
both exert zero moment about the CG. But f exerts a CW moment about the CG. This means that N
must provide an ACW moment to keep the crate in rotational equilibrium. For this reason, you are
expected to draw N (and thus f also) to be acting somewhere on the right of the CG.
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