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5.1 Work and Kinetic Energy
Say we push a mass m with constant force F for duration t, and its speed increases from u to v,
travelling a distance s during that time.
u

v

F

F
m

s
We have already learnt from the impulse-momentum theorem that F t  p . What if we multiply F
with s instead? Does F s represent anything meaningful?

Since this is uniform acceleration motion, we have v 2  u 2  2as
2as  v 2  u 2
1
1
mas  mv 2  mu 2
2
2

Recognizing that ma is F, we get

1
1
F s  mv 2  mu 2
2
2

Now it looks like we have discovered something significant. We decide to give F s a name. We call
it work. More accurately, F s represents the work done by a force F when it is applied over a
distance of s .

W  F s
In addition, we conclude that

1 2
mv represents the energy a mass has because of its speed, i.e.
2

kinetic energy. Putting everything together, we have

W  F s  KE
This is called the work-energy theorem – work done by a force can be equated to the increase in KE!
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5.1.2 Work Done by a Force
When deriving W  F s in the previous section, we had F and s in the same direction. But
sometimes the force acts in one direction, but the object moves in another, i.e. there is an angle

between F and s. How do we calculate the work done by that force then?
u

F

v

F

θ

m

s
Easy. We can always resolve F into two components: parallel and perpendicular to s. The work done
by the parallel component F cos would then be F cos  .s . The work done by the perpendicular
component F sin would be zero since there is no displacement in that direction. So

W  F s cos
Let’s test our understanding by watching a few amateur weightlifters. They were all exerting an
upward force F on the barbells. Can you figure out whether F was doing positive or negative work on
the barbell for each case?

A

B

C

D

watch videos at xmphysics.com

Well, based on the formula, we can make the following conclusions.
Case



cos

A

0°

+
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s

W  F s cos
+

B

−

180°

C
D

−

0
90°

0

0
0

But do they make any physical sense? Read on when you have given it some thought.
Case A: (  0) The man applied an upward force on the barbell, and the barbell also went upward
in the same direction. This applied force was a driving force. A driving force does positive work and
transfers energy onto the object it acts on.
Case B: (  180) Despite the man applying an upward force, the barbell went downward (because
of gravity) in the opposite direction. So this applied force was a retardation force. A retardation force
does negative work and removes energy from the object it acts on. It was sapping away the KE that
the barbell would have gained if it was allowed to fall freely.
Case C: (s  0) Since the barbell was not moving, the force was not doing any work. You may feel
sorry for this man because he was obviously making a huge effort. But, as far as work is concerned,
the force he applied did nothing. Ask the barbell. It will say that it had not gained any energy.
Case D: (  90) The barbell was moving horizontally due to inertia. The vertical force was not
making the horizontal motion any faster nor slower. Ask the barbell. It will say that it had not gained
any energy from the vertical force.
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5.2 Gravitational Potential Energy
To lift a mass to a higher height requires work. Why? Because gravity. On Earth’s surface, everything
is being pulled downward by the gravitational force Fg  mg . The amount of work required to lift a
mass m through a vertical height of h is called the GPE of the mass (at that height). Surely you know
the formula GPE  mgh ? But have you wondered how this formula is derived?

The derivation is quite interesting actually. It is like a “thought experiment”, where we imagine an
external force Fext lifting a mass m through a vertical height of h. Since Fext would be doing some work,
the KE and GPE of the mass can change. In other words
Wext  KE  GPE

Fext=?

We want to keep the energy transactions simple, neat and
clean. To do so, we want Fext to only change the GPE but not
the KE. Needless to say, if Fext is less than mg, the mass will

Fg=mg

be accelerating downward. On the other hand, if Fext is more
than mg, the mass will be accelerating upward. We don’t want

h
Fext=?

either of these to happen because we want KE to be zero.
So we imagine Fext to be exactly equal to mg. So that Fext “just”
manages to lift the mass. So that the mass will arrive at height

Fg=mg

h with zero speed1.

Continuing the math of our “thought” experiment, we get
Fext s  KE  GPE
mgh  0  GPE

If we take the reference GPE to be zero at the bottom of h, then
GPE  mgh

Yay.

1

If you object to this because you think the mass will not even move at all if Fext is exactly equal to mg, well, just
make Fext a tiny weeny bit more than mg so that the mass arrives at height h with negligible KE.
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Worked Example 1
A 2.0 kg mass being pulled from rest by a 30 N force through a vertical height of 4.0 m and horizontal
distance of 3.0 m. Calculate the final KE of the mass. For convenience, take g  10 m s2 .

Solution
There are two possible approaches.

Approach 1
30 N

Fg=20 N
4.0 m

30 N

3.0 m
Fg=20 N
We note that the mass will be experiencing the gravitational pull Fg  mg  (2.0)(10)  20 N . So
Work done by 30 N  Work done by Fg  KE
(30  5.0)  ( 20  4.0)  KE
KE  70 J
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Approach 2
30 N

GPE=?

4.0 m

30 N

GPE=0

3.0 m

We note that the mass has gained GPE and KE. So
Work done by 30 N  KE  GPE
(30  5.0)  KE  (20  4.0)
KE  70 J

Did you realize that in the 1st approach, we handled gravity by including the work done by the
gravitational force? In the 2nd approach, we handled gravity by considering the gravitational potential
energy stored in the gravitational field. Both approaches are equally valid. But the advantage of the
potential energy approach will be more apparent when it comes to more complicated PEs such as
elastic PE or electrical PE.
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5.3 Elastic Potential Energy
A spring is, well, just a coiled wire.

When a spring is stretched, there is tension in the spring. And both ends of the spring will be pulling
(whatever attached) inward with a tensional force. This tensional force is called the spring force Fspring.
This force is the reason for a spring’s springiness and its tendency to return to its unstretched length.

F

0

x

0

Usually, Fspring increases as the spring becomes more stretched. If Fspring is proportional to the
extension x, the spring is said to obey Hooke’s Law. In equation form, we have

F  kx
where k is the constant of proportionality called the spring constant (aka force constant).
Hooke’s Law is an example of an empirical law. It is not a fundamental law of nature. So some springs,
under certain conditions, will not obey Hooke’s Law. Thankfully, most springs under most conditions
do obey Hooke’s Law. Thankfully because law-abiding springs are a lot easier to analyse.
Ok. Let’s get on with the derivation of the formula for EPE. Again, it involves us imagining an external
force Fext that “just” manages to stretch the spring.

unstretched
Fext=?
x
Fext=?
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If the spring obeys Hooke’s Law, Fspring will increase according to Fspring  kx as the spring becomes
more and more stretched. Consequently, Fext that must also increase according to Fext  kx . This is
so that Fext matches Fs exactly, at every point of the stretch. Remember? We don’t want the spring to
gain anything other than EPE. So that we can equate the work done by Fext to the EPE stored in the
spring.
force
F

0

x

0

extension

Since Fext must match Fspring at each step, it is not a constant force. We have to resort to the area
under the F-x graph2 to find out the work it did. But since the F-x graph is a straight line graph (Hooke’s
Law!), we are looking at a triangular area.
1
Fx
2
1
 (kx )x
2
1
 kx 2
2

Area under force-extension graph 

So there you are.

EPE 

1 2
kx
2

EPE

E=½kx2

0

x
0

2

Just like area under the F-t graph is p (because F t  p ), area under the F-s graph is W (since

F s  E ).
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5.3.1 Elastic Limit
I have been told by various people that if you stretch and unstretch a rubber band rapidly many times,
then press it against your lips, you will detect a rise in temperature in the rubber band. I have not tried
it myself. I hate the smell and taste of rubber bands. Anyway, below is a simplified F-x graph of some
elastic material (e.g. rubber band, wire, etc) when stretched to its limit.

force

fracture point

elastic limit

proportional limit

extension

There are a few important landmarks on the graph:
Proportional limit: The material obeys Hooke’s Law only up till this point.
Elastic limit:

Beyond this point, the material suffers permanent deformation.

Fracture point:

At this point, the material breaks.

Below is a sketch of what happens if the material is stretched beyond the elastic limit, and then allowed
to unstretch (the stretching force is gradually removed). Notice that because the material has
exceeded the elastic limit, it does not unwind along the original graph, but along the green line instead.
In fact, it does not even return to its original length! It has been deformed permanently.

force

extension
Obviously, the sum of the red and the yellow areas represents the work done by the external force to
stretch the material. Where does this work go to? EPE in the stretched material? The problem is when
the material unwinds, only a fraction of the energy (represented by the yellow area) is returned. The
red area represents the energy “lost” as heat. The red area represents the heat produced each time
a rubber band is stretched and unstretched.
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5.4 Principle of Conservation of Energy
If we can isolate a system of bodies such that there is no exchange of energy with anything outside
the system, then all the energy transactions (conversion from one form to another and transfer from
one body to another) can only occur within the system. This means that the total energy within the
isolated system must be constant. This is called the principle of conservation of energy (PCOE).
If the “system of bodies” encompasses everything in the entire universe, it means that energy can
neither be created nor destroyed in the universe. In fact, we believe that the total amount of energy
in this universe has not changed by a single joule since its creation. It’s a truly remarkable idea.

5.4.1 Demonstrations
One of the most obvious demonstrations of PCOE is the pendulum. During a pendulum swing, the
summation of KE and GPE is constant. All over the world, physics lecturers risk their lives to carry out
this pendulum stunt to demonstrate their faith in PCOE.

On the other hand, there are also countless videos on the internet proclaiming the existence of devices
and contraptions which produce “free energy” (in violation of PCOE). Don’t fall for them.

watch videos at xmphysics.com
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5.4.2 Worked Examples
PCOE provides a short cut to solving many physics problems very quickly. It is a simple matter of
setting up and solving equations based on either:
Total initial energy = Total final energy
OR
Gain in some forms of energy = loss in other forms of energy.

The second approach may be faster in simple scenarios. But I find the first approach easier for more
complex scenarios. Here are a few worked examples.

watch videos at xmphysics.com
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5.5 P=Fv
Physicists know that it pays to mess around with mathematics from time to time. Sometimes,
something useful will come out of it.
So let’s try doing something with W  Fs .
u

v

F

F
m

s
Recall that the work done W by a force F acting on an object through a distance s is given by
W  Fs

If we differentiate both sides of the equation with respect to time, we get
dW
d
 (Fs )
dt
dt
dW
ds
F
dt
dt
P  Fv

P  Fv sounds important, right? It is saying that a force F acting on an object moving at speed v is
doing work (on the object) at the rate of Fv. Now let’s find some use for this formula.
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5.5.1 Maximum speed
Have you ever wondered why cars have a maximum speed? If the engine continuously provides a
propelling force, why can’t the car accelerate forever and ever until it is as fast as light?
D
F
car
Did I hear you say air resistance? Correct! A moving car experiences a drag force D that increases
with speed of the car. Let’s assume that D is proportional to v2

D  kv 2
The car reaches its maximum speed vmax when the propelling force provided by its engine F is matched
by the drag force D. This means that at maximum speed

F D
F  kv max 2

This also means that at maximum speed, the car engine is delivering energy (to the car) at the rate
of
(P  Fv )
P  (kv max 2 )(v max )
 kv max 3

Note that kvmax3 is also the rate at which energy is lost to air resistance. So this is another way to
understand the terminal velocity phenomenon: the maximum speed is reached when the engine is
supplying energy to the car at the same rate as the car is losing energy to air resistance.
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